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SCHEDULE

• Session I: 8:30 am to 9:30 am
Focus: How to train machine learning models?

• Session II: 9:45 am to 10:45 am
Focus: Why do these techniques “work”?

• Session III: 11 am to 11:45 am
Focus: Practical examples

Material is made from papers/discussions/lecture notes/talks of Vikas Singh, Karl Rohe, Steve Wright, Rob Nowak, Ben Recht, Moritz Hardt, 
Dimitri Bertsekas, Kamalika Chaudhuri. Mistakes/incorrect statements are entirely due to me! 



GRADIENT DESCENT (GD)

Solve min
W∈!n

L(W )

Wt+1←Wt −η∇W L(W )Do 

until convergence 



PRELIMINARIES
Taylor’s theorem 

L(W + d) = L(W ) +

Z 1

0
rL(W + �d)T d d�

<latexit sha1_base64="+pnZ7V9h+PkLRvbRCNB+Ze01nz4="></latexit><latexit sha1_base64="+pnZ7V9h+PkLRvbRCNB+Ze01nz4="></latexit><latexit sha1_base64="+pnZ7V9h+PkLRvbRCNB+Ze01nz4="></latexit><latexit sha1_base64="+pnZ7V9h+PkLRvbRCNB+Ze01nz4="></latexit>

L(W + d) = L(W ) +rL(W + �d)T d, for some � 2 (0, 1)
<latexit sha1_base64="GInSfpD0UF+GocdCRWUi/SqgCoQ="></latexit><latexit sha1_base64="GInSfpD0UF+GocdCRWUi/SqgCoQ="></latexit><latexit sha1_base64="GInSfpD0UF+GocdCRWUi/SqgCoQ="></latexit><latexit sha1_base64="GInSfpD0UF+GocdCRWUi/SqgCoQ="></latexit>



PRELIMINARIES — II
Smoothness krL(U)�rL(V )k  �kU � V k
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L(V )� L(U)�rL(U)T (V � U) =

Z 1

0
[rL(U + �(V � U))�rL(U)]T (V � U)d�


Z 1

0
krL(U + �(V � U))�rL(U)kkV � Ukd�


Z 1

0
��kV � Uk2d�

=
�

2
kV � Uk2

<latexit sha1_base64="96cUtJog1eHWYw6FHPsFbpOAWZQ="></latexit><latexit sha1_base64="96cUtJog1eHWYw6FHPsFbpOAWZQ="></latexit><latexit sha1_base64="96cUtJog1eHWYw6FHPsFbpOAWZQ="></latexit><latexit sha1_base64="96cUtJog1eHWYw6FHPsFbpOAWZQ="></latexit>

We didn’t need convexity at all!!



ANALYZE GD — 1

L(W + ⌘d)  L(W ) + ⌘rL(W )T d+ ⌘2
�

2
kdk2

<latexit sha1_base64="JDzAx9dj1H8k9h/i7o6B/+0Loxc="></latexit><latexit sha1_base64="JDzAx9dj1H8k9h/i7o6B/+0Loxc="></latexit><latexit sha1_base64="JDzAx9dj1H8k9h/i7o6B/+0Loxc="></latexit><latexit sha1_base64="JDzAx9dj1H8k9h/i7o6B/+0Loxc="></latexit>

Recall the update rule: Wt+1←Wt −η∇W L(W )

L(Wt+1)  L(Wt)�
1

2�
krL(Wt)k2

<latexit sha1_base64="D4dbSomms6t/XInQ6NlIOYgsFeU="></latexit><latexit sha1_base64="D4dbSomms6t/XInQ6NlIOYgsFeU="></latexit><latexit sha1_base64="D4dbSomms6t/XInQ6NlIOYgsFeU="></latexit><latexit sha1_base64="D4dbSomms6t/XInQ6NlIOYgsFeU="></latexit>



ANALYZE GD — 1I

krL(W )k 
r

2�[L(W0)� L̄]

T
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Often L̄ = 0
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Apply this to Gradient Descent to show that: 

Let 0 be a fixed point for a local smooth map � : U ! Rn where U is a neighborhood of 0

Suppose Rn = Es � Eu where Es is the span of the eigenvectors  1 of Jacobian at 0 and

Eu the span of remaining. Then 9 a disk tangent to Es at 0 := local stable center manifold,

and 9 neighborhood B of 0 such that �(disk) \B ⇢ disk and \1
t=0�

�t(B) ⇢ disk.
<latexit sha1_base64="/PamDxVyY3DJzZGJb7cRFJChYi0="></latexit><latexit sha1_base64="/PamDxVyY3DJzZGJb7cRFJChYi0="></latexit><latexit sha1_base64="/PamDxVyY3DJzZGJb7cRFJChYi0="></latexit><latexit sha1_base64="/PamDxVyY3DJzZGJb7cRFJChYi0="></latexit>

P(lim
t

xt = xsaddle) = 0
<latexit sha1_base64="LYHN6xpxGyF2xf7WJBaM0vozb2k=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUhDIjgrooFN24rODYQqcMmUzahmYeJHekZZiPcOOvuHGh4taNO//GtJ2Ftl5IOJxz703O8WLBFZjmt1FYWl5ZXSuulzY2t7Z3yrt79ypKJGU2jUQk2x5RTPCQ2cBBsHYsGQk8wVre8Hqitx6YVDwK72Acs25A+iHvcUpAU275xAkIDDwvbWZVR/DABTxyoa6v1AE2glQR3xcsy47rpluumDVzWngRWDmooLyabvnL8SOaBCwEKohSHcuMoZsSCZzqnSUnUSwmdEj6rKNhSAKmuunUVIaPNOPjXiT1CQFP2d8TKQmUGgee7pxYUPPahPxP6yTQu+imPIwTYCGdPdRLBIYITxLCPpeMghhrQKjk+q+YDogkFHSOJR2CNW95EdintcuadXtWaVzlaRTRATpEVWShc9RAN6iJbETRI3pGr+jNeDJejHfjY9ZaMPKZffSnjM8fSiKeiw==</latexit><latexit sha1_base64="LYHN6xpxGyF2xf7WJBaM0vozb2k=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUhDIjgrooFN24rODYQqcMmUzahmYeJHekZZiPcOOvuHGh4taNO//GtJ2Ftl5IOJxz703O8WLBFZjmt1FYWl5ZXSuulzY2t7Z3yrt79ypKJGU2jUQk2x5RTPCQ2cBBsHYsGQk8wVre8Hqitx6YVDwK72Acs25A+iHvcUpAU275xAkIDDwvbWZVR/DABTxyoa6v1AE2glQR3xcsy47rpluumDVzWngRWDmooLyabvnL8SOaBCwEKohSHcuMoZsSCZzqnSUnUSwmdEj6rKNhSAKmuunUVIaPNOPjXiT1CQFP2d8TKQmUGgee7pxYUPPahPxP6yTQu+imPIwTYCGdPdRLBIYITxLCPpeMghhrQKjk+q+YDogkFHSOJR2CNW95EdintcuadXtWaVzlaRTRATpEVWShc9RAN6iJbETRI3pGr+jNeDJejHfjY9ZaMPKZffSnjM8fSiKeiw==</latexit><latexit sha1_base64="LYHN6xpxGyF2xf7WJBaM0vozb2k=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUhDIjgrooFN24rODYQqcMmUzahmYeJHekZZiPcOOvuHGh4taNO//GtJ2Ftl5IOJxz703O8WLBFZjmt1FYWl5ZXSuulzY2t7Z3yrt79ypKJGU2jUQk2x5RTPCQ2cBBsHYsGQk8wVre8Hqitx6YVDwK72Acs25A+iHvcUpAU275xAkIDDwvbWZVR/DABTxyoa6v1AE2glQR3xcsy47rpluumDVzWngRWDmooLyabvnL8SOaBCwEKohSHcuMoZsSCZzqnSUnUSwmdEj6rKNhSAKmuunUVIaPNOPjXiT1CQFP2d8TKQmUGgee7pxYUPPahPxP6yTQu+imPIwTYCGdPdRLBIYITxLCPpeMghhrQKjk+q+YDogkFHSOJR2CNW95EdintcuadXtWaVzlaRTRATpEVWShc9RAN6iJbETRI3pGr+jNeDJejHfjY9ZaMPKZffSnjM8fSiKeiw==</latexit><latexit sha1_base64="LYHN6xpxGyF2xf7WJBaM0vozb2k=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUhDIjgrooFN24rODYQqcMmUzahmYeJHekZZiPcOOvuHGh4taNO//GtJ2Ftl5IOJxz703O8WLBFZjmt1FYWl5ZXSuulzY2t7Z3yrt79ypKJGU2jUQk2x5RTPCQ2cBBsHYsGQk8wVre8Hqitx6YVDwK72Acs25A+iHvcUpAU275xAkIDDwvbWZVR/DABTxyoa6v1AE2glQR3xcsy47rpluumDVzWngRWDmooLyabvnL8SOaBCwEKohSHcuMoZsSCZzqnSUnUSwmdEj6rKNhSAKmuunUVIaPNOPjXiT1CQFP2d8TKQmUGgee7pxYUPPahPxP6yTQu+imPIwTYCGdPdRLBIYITxLCPpeMghhrQKjk+q+YDogkFHSOJR2CNW95EdintcuadXtWaVzlaRTRATpEVWShc9RAN6iJbETRI3pGr+jNeDJejHfjY9ZaMPKZffSnjM8fSiKeiw==</latexit>

LOCALLY GOOD



VARIANTS OF GD
Different ways to choose η

• Exact line search

• Approximate line search

• Back tracking

L(Wt+1)  L(Wt)� CkrL(Wt)k2
<latexit sha1_base64="++oFlO/9DvsLNAaWWt6ssFBbsYI=">AAACEnicbVA9T8MwEHXKd/kKMLJYVEgtiCpBSMBW0YWBASRCKzWlcly3tXCcYF+QqtD/wMJfYWEAxMrExr/BLRmg5UknPb93J9+9IBZcg+N8Wbmp6ZnZufmF/OLS8sqqvbZ+paNEUebRSESqHhDNBJfMAw6C1WPFSBgIVgtuqkO/dseU5pG8hH7MmiHpSt7hlICRWvbOWbHWSmHXHZR8wW7x8Amlvap/70sSCJIJ/v31fssuOGVnBDxJ3IwUUIbzlv3ptyOahEwCFUTrhuvE0EyJAk4FG+T9RLOY0BvSZQ1DJQmZbqajmwZ42yht3ImUKQl4pP6eSEmodT8MTGdIoKfHvaH4n9dIoHPUTLmME2CS/nzUSQSGCA8Dwm2uGAXRN4RQxc2umPaIIhRMjHkTgjt+8iTx9svHZffioFA5ydKYR5toCxWRiw5RBZ2ic+Qhih7QE3pBr9aj9Wy9We8/rTkrm9lAf2B9fAOguZu0</latexit><latexit sha1_base64="++oFlO/9DvsLNAaWWt6ssFBbsYI=">AAACEnicbVA9T8MwEHXKd/kKMLJYVEgtiCpBSMBW0YWBASRCKzWlcly3tXCcYF+QqtD/wMJfYWEAxMrExr/BLRmg5UknPb93J9+9IBZcg+N8Wbmp6ZnZufmF/OLS8sqqvbZ+paNEUebRSESqHhDNBJfMAw6C1WPFSBgIVgtuqkO/dseU5pG8hH7MmiHpSt7hlICRWvbOWbHWSmHXHZR8wW7x8Amlvap/70sSCJIJ/v31fssuOGVnBDxJ3IwUUIbzlv3ptyOahEwCFUTrhuvE0EyJAk4FG+T9RLOY0BvSZQ1DJQmZbqajmwZ42yht3ImUKQl4pP6eSEmodT8MTGdIoKfHvaH4n9dIoHPUTLmME2CS/nzUSQSGCA8Dwm2uGAXRN4RQxc2umPaIIhRMjHkTgjt+8iTx9svHZffioFA5ydKYR5toCxWRiw5RBZ2ic+Qhih7QE3pBr9aj9Wy9We8/rTkrm9lAf2B9fAOguZu0</latexit><latexit sha1_base64="++oFlO/9DvsLNAaWWt6ssFBbsYI=">AAACEnicbVA9T8MwEHXKd/kKMLJYVEgtiCpBSMBW0YWBASRCKzWlcly3tXCcYF+QqtD/wMJfYWEAxMrExr/BLRmg5UknPb93J9+9IBZcg+N8Wbmp6ZnZufmF/OLS8sqqvbZ+paNEUebRSESqHhDNBJfMAw6C1WPFSBgIVgtuqkO/dseU5pG8hH7MmiHpSt7hlICRWvbOWbHWSmHXHZR8wW7x8Amlvap/70sSCJIJ/v31fssuOGVnBDxJ3IwUUIbzlv3ptyOahEwCFUTrhuvE0EyJAk4FG+T9RLOY0BvSZQ1DJQmZbqajmwZ42yht3ImUKQl4pP6eSEmodT8MTGdIoKfHvaH4n9dIoHPUTLmME2CS/nzUSQSGCA8Dwm2uGAXRN4RQxc2umPaIIhRMjHkTgjt+8iTx9svHZffioFA5ydKYR5toCxWRiw5RBZ2ic+Qhih7QE3pBr9aj9Wy9We8/rTkrm9lAf2B9fAOguZu0</latexit><latexit sha1_base64="++oFlO/9DvsLNAaWWt6ssFBbsYI=">AAACEnicbVA9T8MwEHXKd/kKMLJYVEgtiCpBSMBW0YWBASRCKzWlcly3tXCcYF+QqtD/wMJfYWEAxMrExr/BLRmg5UknPb93J9+9IBZcg+N8Wbmp6ZnZufmF/OLS8sqqvbZ+paNEUebRSESqHhDNBJfMAw6C1WPFSBgIVgtuqkO/dseU5pG8hH7MmiHpSt7hlICRWvbOWbHWSmHXHZR8wW7x8Amlvap/70sSCJIJ/v31fssuOGVnBDxJ3IwUUIbzlv3ptyOahEwCFUTrhuvE0EyJAk4FG+T9RLOY0BvSZQ1DJQmZbqajmwZ42yht3ImUKQl4pP6eSEmodT8MTGdIoKfHvaH4n9dIoHPUTLmME2CS/nzUSQSGCA8Dwm2uGAXRN4RQxc2umPaIIhRMjHkTgjt+8iTx9svHZffioFA5ydKYR5toCxWRiw5RBZ2ic+Qhih7QE3pBr9aj9Wy9We8/rTkrm9lAf2B9fAOguZu0</latexit>

One inequality to rule them all! 



ACCELERATED GD

Wt

Vt

Wt+1

Wt+2

Vt+1

Vt+2



KEEPING UP WITH THE 
MOMENTUM

Wt+1 = Wt � ⌘rL(Wt) + ↵(Wt �Wt�1)
<latexit sha1_base64="Y/qcxIQIFvKxmAPSdKlLKFAQkFw=">AAACIHicbVDLSgMxFM34rPVVdekmWASltMyIYF0IohsXLhSsFTpluJOmbWgmMyR3hDL0V9z4K25cqOhOv8ZM7cLXgcDJOeeS3BMmUhh03Xdnanpmdm6+sFBcXFpeWS2trV+bONWMN1gsY30TguFSKN5AgZLfJJpDFEreDAenud+85dqIWF3hMOHtCHpKdAUDtFJQqjeDDCveiB7RZoC0Sn2O4CsIJdDzHSvt0gr1QSZ9oPm1muer3mg3KJXdmjsG/Uu8CSmTCS6C0pvfiVkacYVMgjEtz02wnYFGwSQfFf3U8ATYAHq8ZamCiJt2Nt5wRLet0qHdWNujkI7V7xMZRMYMo9AmI8C++e3l4n9eK8VuvZ0JlaTIFft6qJtKijHN66IdoTlDObQEmBb2r5T1QQNDW2rRluD9XvkvaezVDmve5X75+GTSRoFski2yQzxyQI7JGbkgDcLIHXkgT+TZuXcenRfn9Ss65UxmNsgPOB+faFWgLQ==</latexit><latexit sha1_base64="Y/qcxIQIFvKxmAPSdKlLKFAQkFw=">AAACIHicbVDLSgMxFM34rPVVdekmWASltMyIYF0IohsXLhSsFTpluJOmbWgmMyR3hDL0V9z4K25cqOhOv8ZM7cLXgcDJOeeS3BMmUhh03Xdnanpmdm6+sFBcXFpeWS2trV+bONWMN1gsY30TguFSKN5AgZLfJJpDFEreDAenud+85dqIWF3hMOHtCHpKdAUDtFJQqjeDDCveiB7RZoC0Sn2O4CsIJdDzHSvt0gr1QSZ9oPm1muer3mg3KJXdmjsG/Uu8CSmTCS6C0pvfiVkacYVMgjEtz02wnYFGwSQfFf3U8ATYAHq8ZamCiJt2Nt5wRLet0qHdWNujkI7V7xMZRMYMo9AmI8C++e3l4n9eK8VuvZ0JlaTIFft6qJtKijHN66IdoTlDObQEmBb2r5T1QQNDW2rRluD9XvkvaezVDmve5X75+GTSRoFski2yQzxyQI7JGbkgDcLIHXkgT+TZuXcenRfn9Ss65UxmNsgPOB+faFWgLQ==</latexit><latexit sha1_base64="Y/qcxIQIFvKxmAPSdKlLKFAQkFw=">AAACIHicbVDLSgMxFM34rPVVdekmWASltMyIYF0IohsXLhSsFTpluJOmbWgmMyR3hDL0V9z4K25cqOhOv8ZM7cLXgcDJOeeS3BMmUhh03Xdnanpmdm6+sFBcXFpeWS2trV+bONWMN1gsY30TguFSKN5AgZLfJJpDFEreDAenud+85dqIWF3hMOHtCHpKdAUDtFJQqjeDDCveiB7RZoC0Sn2O4CsIJdDzHSvt0gr1QSZ9oPm1muer3mg3KJXdmjsG/Uu8CSmTCS6C0pvfiVkacYVMgjEtz02wnYFGwSQfFf3U8ATYAHq8ZamCiJt2Nt5wRLet0qHdWNujkI7V7xMZRMYMo9AmI8C++e3l4n9eK8VuvZ0JlaTIFft6qJtKijHN66IdoTlDObQEmBb2r5T1QQNDW2rRluD9XvkvaezVDmve5X75+GTSRoFski2yQzxyQI7JGbkgDcLIHXkgT+TZuXcenRfn9Ss65UxmNsgPOB+faFWgLQ==</latexit><latexit sha1_base64="Y/qcxIQIFvKxmAPSdKlLKFAQkFw=">AAACIHicbVDLSgMxFM34rPVVdekmWASltMyIYF0IohsXLhSsFTpluJOmbWgmMyR3hDL0V9z4K25cqOhOv8ZM7cLXgcDJOeeS3BMmUhh03Xdnanpmdm6+sFBcXFpeWS2trV+bONWMN1gsY30TguFSKN5AgZLfJJpDFEreDAenud+85dqIWF3hMOHtCHpKdAUDtFJQqjeDDCveiB7RZoC0Sn2O4CsIJdDzHSvt0gr1QSZ9oPm1muer3mg3KJXdmjsG/Uu8CSmTCS6C0pvfiVkacYVMgjEtz02wnYFGwSQfFf3U8ATYAHq8ZamCiJt2Nt5wRLet0qHdWNujkI7V7xMZRMYMo9AmI8C++e3l4n9eK8VuvZ0JlaTIFft6qJtKijHN66IdoTlDObQEmBb2r5T1QQNDW2rRluD9XvkvaezVDmve5X75+GTSRoFski2yQzxyQI7JGbkgDcLIHXkgT+TZuXcenRfn9Ss65UxmNsgPOB+faFWgLQ==</latexit>

Convergence is hard!



HOW FAST IS IT ANYWAY?

Method Speed

GD O(1/eps2)

ACCELERATED GD O(1/eps7/4)

NOT THE 
END OF 
STORY!



Assume convexity and let’s say we get a �-approximate gradient at each time t.

Then Accelerated GD has: L(Wt)� L
⇤  O(L/t2) +O(t�)

Then GD has: L(Wt)� L
⇤  O(L/t) +O(�)

<latexit sha1_base64="hYwDjyL2oCoMUzPl0oLA/mLVRag="></latexit><latexit sha1_base64="hYwDjyL2oCoMUzPl0oLA/mLVRag="></latexit><latexit sha1_base64="hYwDjyL2oCoMUzPl0oLA/mLVRag="></latexit><latexit sha1_base64="hYwDjyL2oCoMUzPl0oLA/mLVRag="></latexit>



YOU KEEP SAYING GRADIENT, 
BUT…

L(W ) = E⇠f(W, ⇠)
<latexit sha1_base64="+DqeC3o24NjVnLkKQwoKp/pcRUk=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovQgpREBHUhFEVw4aKCMYUmhMl00g6dPJiZiCV058ZfceNCxa3f4M6/cdJmoa0Hhjmccy/33uMnjAppGN9aaW5+YXGpvFxZWV1b39A3t+5EnHJMLByzmLd9JAijEbEklYy0E05Q6DNi+4OL3LfvCRc0jm7lMCFuiHoRDShGUkmevntds+vwDDohkn3fzy5HnvNAYVCzD9Rf9/Sq0TDGgLPELEgVFGh5+pfTjXEakkhihoTomEYi3QxxSTEjo4qTCpIgPEA90lE0QiERbja+YwT3ldKFQczViyQcq787MhQKMQx9VZmvK6a9XPzP66QyOHEzGiWpJBGeDApSBmUM81Bgl3KCJRsqgjCnaleI+4gjLFV0FRWCOX3yLLEOG6cN8+ao2jwv0iiDHbAHasAEx6AJrkALWACDR/AMXsGb9qS9aO/ax6S0pBU92+APtM8fbsyXVg==</latexit><latexit sha1_base64="+DqeC3o24NjVnLkKQwoKp/pcRUk=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovQgpREBHUhFEVw4aKCMYUmhMl00g6dPJiZiCV058ZfceNCxa3f4M6/cdJmoa0Hhjmccy/33uMnjAppGN9aaW5+YXGpvFxZWV1b39A3t+5EnHJMLByzmLd9JAijEbEklYy0E05Q6DNi+4OL3LfvCRc0jm7lMCFuiHoRDShGUkmevntds+vwDDohkn3fzy5HnvNAYVCzD9Rf9/Sq0TDGgLPELEgVFGh5+pfTjXEakkhihoTomEYi3QxxSTEjo4qTCpIgPEA90lE0QiERbja+YwT3ldKFQczViyQcq787MhQKMQx9VZmvK6a9XPzP66QyOHEzGiWpJBGeDApSBmUM81Bgl3KCJRsqgjCnaleI+4gjLFV0FRWCOX3yLLEOG6cN8+ao2jwv0iiDHbAHasAEx6AJrkALWACDR/AMXsGb9qS9aO/ax6S0pBU92+APtM8fbsyXVg==</latexit><latexit sha1_base64="+DqeC3o24NjVnLkKQwoKp/pcRUk=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovQgpREBHUhFEVw4aKCMYUmhMl00g6dPJiZiCV058ZfceNCxa3f4M6/cdJmoa0Hhjmccy/33uMnjAppGN9aaW5+YXGpvFxZWV1b39A3t+5EnHJMLByzmLd9JAijEbEklYy0E05Q6DNi+4OL3LfvCRc0jm7lMCFuiHoRDShGUkmevntds+vwDDohkn3fzy5HnvNAYVCzD9Rf9/Sq0TDGgLPELEgVFGh5+pfTjXEakkhihoTomEYi3QxxSTEjo4qTCpIgPEA90lE0QiERbja+YwT3ldKFQczViyQcq787MhQKMQx9VZmvK6a9XPzP66QyOHEzGiWpJBGeDApSBmUM81Bgl3KCJRsqgjCnaleI+4gjLFV0FRWCOX3yLLEOG6cN8+ao2jwv0iiDHbAHasAEx6AJrkALWACDR/AMXsGb9qS9aO/ax6S0pBU92+APtM8fbsyXVg==</latexit><latexit sha1_base64="+DqeC3o24NjVnLkKQwoKp/pcRUk=">AAACBnicbVDLSsNAFJ3UV62vqEtBBovQgpREBHUhFEVw4aKCMYUmhMl00g6dPJiZiCV058ZfceNCxa3f4M6/cdJmoa0Hhjmccy/33uMnjAppGN9aaW5+YXGpvFxZWV1b39A3t+5EnHJMLByzmLd9JAijEbEklYy0E05Q6DNi+4OL3LfvCRc0jm7lMCFuiHoRDShGUkmevntds+vwDDohkn3fzy5HnvNAYVCzD9Rf9/Sq0TDGgLPELEgVFGh5+pfTjXEakkhihoTomEYi3QxxSTEjo4qTCpIgPEA90lE0QiERbja+YwT3ldKFQczViyQcq787MhQKMQx9VZmvK6a9XPzP66QyOHEzGiWpJBGeDApSBmUM81Bgl3KCJRsqgjCnaleI+4gjLFV0FRWCOX3yLLEOG6cN8+ao2jwv0iiDHbAHasAEx6AJrkALWACDR/AMXsGb9qS9aO/ax6S0pBU92+APtM8fbsyXVg==</latexit>

ξ = (x,y) ~ 𝒟

How do I compute the gradient?



ENTER SGD
Compute an estimate of gradient 

Wt+1 = Wt � ⌘trL̃t(Wt)
<latexit sha1_base64="aGnU6jnbxPGn2A/R7LrfwwJsOIM=">AAACFXicbVA9SwNBEN3z2/gVtbRZDIIihjsR1EIQbSwsFIwRcuGY20x0yd7esTsnhCO/wsa/YmOhYivY+W/cxBR+PRh4vDfDzLw4U9KS7394I6Nj4xOTU9Olmdm5+YXy4tKlTXMjsCZSlZqrGCwqqbFGkhReZQYhiRXW485x36/forEy1RfUzbCZwLWWbSmAnBSVt+pRQZtBjx/wekR8i4dIEFGoIVbAQ5KqhcVpL6J1Z29E5Ypf9Qfgf0kwJBU2xFlUfg9bqcgT1CQUWNsI/IyaBRiSQmGvFOYWMxAduMaGoxoStM1i8FaPrzmlxdupcaWJD9TvEwUk1naT2HUmQDf2t9cX//MaObX3moXUWU6oxdeidq44pbyfEW9Jg4JU1xEQRrpbubgBA4JckiUXQvD75b+ktl3drwbnO5XDo2EaU2yFrbJ1FrBddshO2BmrMcHu2AN7Ys/evffovXivX60j3nBmmf2A9/YJIIWdtg==</latexit><latexit sha1_base64="aGnU6jnbxPGn2A/R7LrfwwJsOIM=">AAACFXicbVA9SwNBEN3z2/gVtbRZDIIihjsR1EIQbSwsFIwRcuGY20x0yd7esTsnhCO/wsa/YmOhYivY+W/cxBR+PRh4vDfDzLw4U9KS7394I6Nj4xOTU9Olmdm5+YXy4tKlTXMjsCZSlZqrGCwqqbFGkhReZQYhiRXW485x36/forEy1RfUzbCZwLWWbSmAnBSVt+pRQZtBjx/wekR8i4dIEFGoIVbAQ5KqhcVpL6J1Z29E5Ypf9Qfgf0kwJBU2xFlUfg9bqcgT1CQUWNsI/IyaBRiSQmGvFOYWMxAduMaGoxoStM1i8FaPrzmlxdupcaWJD9TvEwUk1naT2HUmQDf2t9cX//MaObX3moXUWU6oxdeidq44pbyfEW9Jg4JU1xEQRrpbubgBA4JckiUXQvD75b+ktl3drwbnO5XDo2EaU2yFrbJ1FrBddshO2BmrMcHu2AN7Ys/evffovXivX60j3nBmmf2A9/YJIIWdtg==</latexit><latexit sha1_base64="aGnU6jnbxPGn2A/R7LrfwwJsOIM=">AAACFXicbVA9SwNBEN3z2/gVtbRZDIIihjsR1EIQbSwsFIwRcuGY20x0yd7esTsnhCO/wsa/YmOhYivY+W/cxBR+PRh4vDfDzLw4U9KS7394I6Nj4xOTU9Olmdm5+YXy4tKlTXMjsCZSlZqrGCwqqbFGkhReZQYhiRXW485x36/forEy1RfUzbCZwLWWbSmAnBSVt+pRQZtBjx/wekR8i4dIEFGoIVbAQ5KqhcVpL6J1Z29E5Ypf9Qfgf0kwJBU2xFlUfg9bqcgT1CQUWNsI/IyaBRiSQmGvFOYWMxAduMaGoxoStM1i8FaPrzmlxdupcaWJD9TvEwUk1naT2HUmQDf2t9cX//MaObX3moXUWU6oxdeidq44pbyfEW9Jg4JU1xEQRrpbubgBA4JckiUXQvD75b+ktl3drwbnO5XDo2EaU2yFrbJ1FrBddshO2BmrMcHu2AN7Ys/evffovXivX60j3nBmmf2A9/YJIIWdtg==</latexit><latexit sha1_base64="aGnU6jnbxPGn2A/R7LrfwwJsOIM=">AAACFXicbVA9SwNBEN3z2/gVtbRZDIIihjsR1EIQbSwsFIwRcuGY20x0yd7esTsnhCO/wsa/YmOhYivY+W/cxBR+PRh4vDfDzLw4U9KS7394I6Nj4xOTU9Olmdm5+YXy4tKlTXMjsCZSlZqrGCwqqbFGkhReZQYhiRXW485x36/forEy1RfUzbCZwLWWbSmAnBSVt+pRQZtBjx/wekR8i4dIEFGoIVbAQ5KqhcVpL6J1Z29E5Ypf9Qfgf0kwJBU2xFlUfg9bqcgT1CQUWNsI/IyaBRiSQmGvFOYWMxAduMaGoxoStM1i8FaPrzmlxdupcaWJD9TvEwUk1naT2HUmQDf2t9cX//MaObX3moXUWU6oxdeidq44pbyfEW9Jg4JU1xEQRrpbubgBA4JckiUXQvD75b+ktl3drwbnO5XDo2EaU2yFrbJ1FrBddshO2BmrMcHu2AN7Ys/evffovXivX60j3nBmmf2A9/YJIIWdtg==</latexit>

E
h
rL̃t(Wt)

i
= rL(Wt)

E
���rL̃t(W )�rL(W )

���
2
�
 �2

<latexit sha1_base64="tKigNt4xKwsidVUpEbFALv5fiuA="></latexit><latexit sha1_base64="tKigNt4xKwsidVUpEbFALv5fiuA="></latexit><latexit sha1_base64="tKigNt4xKwsidVUpEbFALv5fiuA="></latexit><latexit sha1_base64="tKigNt4xKwsidVUpEbFALv5fiuA="></latexit>



ANALYZE SGD — I
L(Wt+1)  L(Wt)� ⌘trL̃t(Wt)

TrL(Wt) +
⌘2t
2
rL̃t(Wt)

Tr2L(Wt)rL̃t(Wt)
<latexit sha1_base64="0E3GuKbWab5Cfi4gz77jz/PtbQI="></latexit><latexit sha1_base64="0E3GuKbWab5Cfi4gz77jz/PtbQI="></latexit><latexit sha1_base64="0E3GuKbWab5Cfi4gz77jz/PtbQI="></latexit><latexit sha1_base64="0E3GuKbWab5Cfi4gz77jz/PtbQI="></latexit>

E[L(Wt+1)|Wt]  L(Wt)� ⌘tE[rL̃t(Wt)
TrL(Wt)|Wt] +

⌘2t �

2
E[krL̃t(Wt)k2|Wt]

<latexit sha1_base64="qQ/+fYRqpkvjr49e2qo2Y+NUclA="></latexit><latexit sha1_base64="qQ/+fYRqpkvjr49e2qo2Y+NUclA="></latexit><latexit sha1_base64="qQ/+fYRqpkvjr49e2qo2Y+NUclA="></latexit><latexit sha1_base64="qQ/+fYRqpkvjr49e2qo2Y+NUclA="></latexit>

⌘t <
1

�
=) E[L(Wt+1)|Wt]  L(Wt)�

⌘t
2
krL(Wt)k2 +

⌘2t �
2�

2
<latexit sha1_base64="qxyXPxzMp9bGvcGZGasrMgVCPEg="></latexit><latexit sha1_base64="qxyXPxzMp9bGvcGZGasrMgVCPEg="></latexit><latexit sha1_base64="qxyXPxzMp9bGvcGZGasrMgVCPEg="></latexit><latexit sha1_base64="qxyXPxzMp9bGvcGZGasrMgVCPEg="></latexit>



ANALYZE SGD — II
E[L(WT )]  L(W0)�

T�1X

t=0

⌘t
2
[krL(Wt)k2] +

T�1X

t=0

↵2
t�

2�

2
<latexit sha1_base64="kx+YTj3VDgop9krkIpXBFnOJWts="></latexit><latexit sha1_base64="kx+YTj3VDgop9krkIpXBFnOJWts="></latexit><latexit sha1_base64="kx+YTj3VDgop9krkIpXBFnOJWts="></latexit><latexit sha1_base64="kx+YTj3VDgop9krkIpXBFnOJWts="></latexit>

⌘t =
⌘0

t+ 1
=)

T�1X

t=0

⌘0
2(t+ 1)

[krL(Wt)k2]  L(W0)� E[L(WT )] +
T�1X

t=0

⌘20�
2�

2(t+ 1)2
<latexit sha1_base64="+bS0aTfkYg0Xbomoplvo6JSSimw="></latexit><latexit sha1_base64="+bS0aTfkYg0Xbomoplvo6JSSimw="></latexit><latexit sha1_base64="+bS0aTfkYg0Xbomoplvo6JSSimw="></latexit><latexit sha1_base64="+bS0aTfkYg0Xbomoplvo6JSSimw="></latexit> What do we do 

now?

Output 
randomly…



ANALYZE SGD — LAST PHEW!
ZT = Wt with probability

1

HT (t+ 1)
where Ht =

T�1X

t=0

1

t+ 1
<latexit sha1_base64="YwuR4Ib+gEK87arhfThPTsv8BTc="></latexit><latexit sha1_base64="YwuR4Ib+gEK87arhfThPTsv8BTc="></latexit><latexit sha1_base64="YwuR4Ib+gEK87arhfThPTsv8BTc="></latexit><latexit sha1_base64="YwuR4Ib+gEK87arhfThPTsv8BTc="></latexit>

E[krL(ZT )k2] =
T�1X

t=0

1

HT (t+ 1)
E[krL(Wt)k2]

<latexit sha1_base64="NljUd+DWLhWNTOnl7DXrRzdpShY="></latexit><latexit sha1_base64="NljUd+DWLhWNTOnl7DXrRzdpShY="></latexit><latexit sha1_base64="NljUd+DWLhWNTOnl7DXrRzdpShY="></latexit><latexit sha1_base64="NljUd+DWLhWNTOnl7DXrRzdpShY="></latexit>

lim
T!1

E[krL(ZT )k2] = 0
<latexit sha1_base64="67CP/YIHasSt19HH0P9mLqA1jQc="></latexit><latexit sha1_base64="67CP/YIHasSt19HH0P9mLqA1jQc="></latexit><latexit sha1_base64="67CP/YIHasSt19HH0P9mLqA1jQc="></latexit><latexit sha1_base64="67CP/YIHasSt19HH0P9mLqA1jQc="></latexit>



WHAT DID WE MISS?

•Second Order Methods
•Stochastic Variance Reduced Methods
•SG — Langevin Dynamics
•Quantized Methods
•Constrained Optimization



QUESTIONS?
SEE YOU IN 15 MINUTES!
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RECAP

• What do we know so far?
Computationally great

• Says nothing about learning!
After all, that’s what we care about, isn’t it?



GENERALIZATION ERROR

The one true theorem
R(W ) = RS(W ) +R(W )�RS(W )

<latexit sha1_base64="iIIndcUErKvnpq/lUnF4cDmzhsM=">AAACK3icbVDLSsNAFJ34rPUVdelmsAgVsSQiqAuh2I3L+ogttCFMppN26GQSZiZCCf0gN/6KIC6suPU/nLRZ9OGBgcM55zL3Hj9mVCrLGhlLyyura+uFjeLm1vbOrrm3/yyjRGDi4IhFoukjSRjlxFFUMdKMBUGhz0jD79cyv/FChKQRf1KDmLgh6nIaUIyUljyz1g6R6mHE0odhuXECb+CU4D1m0uls5Gwh4Jklq2KNAReJnZMSyFH3zI92J8JJSLjCDEnZsq1YuSkSimJGhsV2IkmMcB91SUtTjkIi3XR87BAea6UDg0joxxUcq9MTKQqlHIS+TmaLynkvE//zWokKrtyU8jhRhOPJR0HCoIpg1hzsUEGwYgNNEBZU7wpxDwmEle63qEuw509eJM555bpi31+Uqrd5GwVwCI5AGdjgElTBHagDB2DwCt7BFxgZb8an8W38TKJLRj5zAGZg/P4Bpf2mNg==</latexit><latexit sha1_base64="iIIndcUErKvnpq/lUnF4cDmzhsM=">AAACK3icbVDLSsNAFJ34rPUVdelmsAgVsSQiqAuh2I3L+ogttCFMppN26GQSZiZCCf0gN/6KIC6suPU/nLRZ9OGBgcM55zL3Hj9mVCrLGhlLyyura+uFjeLm1vbOrrm3/yyjRGDi4IhFoukjSRjlxFFUMdKMBUGhz0jD79cyv/FChKQRf1KDmLgh6nIaUIyUljyz1g6R6mHE0odhuXECb+CU4D1m0uls5Gwh4Jklq2KNAReJnZMSyFH3zI92J8JJSLjCDEnZsq1YuSkSimJGhsV2IkmMcB91SUtTjkIi3XR87BAea6UDg0joxxUcq9MTKQqlHIS+TmaLynkvE//zWokKrtyU8jhRhOPJR0HCoIpg1hzsUEGwYgNNEBZU7wpxDwmEle63qEuw509eJM555bpi31+Uqrd5GwVwCI5AGdjgElTBHagDB2DwCt7BFxgZb8an8W38TKJLRj5zAGZg/P4Bpf2mNg==</latexit><latexit sha1_base64="iIIndcUErKvnpq/lUnF4cDmzhsM=">AAACK3icbVDLSsNAFJ34rPUVdelmsAgVsSQiqAuh2I3L+ogttCFMppN26GQSZiZCCf0gN/6KIC6suPU/nLRZ9OGBgcM55zL3Hj9mVCrLGhlLyyura+uFjeLm1vbOrrm3/yyjRGDi4IhFoukjSRjlxFFUMdKMBUGhz0jD79cyv/FChKQRf1KDmLgh6nIaUIyUljyz1g6R6mHE0odhuXECb+CU4D1m0uls5Gwh4Jklq2KNAReJnZMSyFH3zI92J8JJSLjCDEnZsq1YuSkSimJGhsV2IkmMcB91SUtTjkIi3XR87BAea6UDg0joxxUcq9MTKQqlHIS+TmaLynkvE//zWokKrtyU8jhRhOPJR0HCoIpg1hzsUEGwYgNNEBZU7wpxDwmEle63qEuw509eJM555bpi31+Uqrd5GwVwCI5AGdjgElTBHagDB2DwCt7BFxgZb8an8W38TKJLRj5zAGZg/P4Bpf2mNg==</latexit><latexit sha1_base64="iIIndcUErKvnpq/lUnF4cDmzhsM=">AAACK3icbVDLSsNAFJ34rPUVdelmsAgVsSQiqAuh2I3L+ogttCFMppN26GQSZiZCCf0gN/6KIC6suPU/nLRZ9OGBgcM55zL3Hj9mVCrLGhlLyyura+uFjeLm1vbOrrm3/yyjRGDi4IhFoukjSRjlxFFUMdKMBUGhz0jD79cyv/FChKQRf1KDmLgh6nIaUIyUljyz1g6R6mHE0odhuXECb+CU4D1m0uls5Gwh4Jklq2KNAReJnZMSyFH3zI92J8JJSLjCDEnZsq1YuSkSimJGhsV2IkmMcB91SUtTjkIi3XR87BAea6UDg0joxxUcq9MTKQqlHIS+TmaLynkvE//zWokKrtyU8jhRhOPJR0HCoIpg1hzsUEGwYgNNEBZU7wpxDwmEle63qEuw509eJM555bpi31+Uqrd5GwVwCI5AGdjgElTBHagDB2DwCt7BFxgZb8an8W38TKJLRj5zAGZg/P4Bpf2mNg==</latexit>

R(W ) = E(x,y)⇠DL(W ; (x, y))
<latexit sha1_base64="fdHE9PesMCcaUT60AOzgcAd1ePA="></latexit><latexit sha1_base64="fdHE9PesMCcaUT60AOzgcAd1ePA="></latexit><latexit sha1_base64="fdHE9PesMCcaUT60AOzgcAd1ePA="></latexit><latexit sha1_base64="fdHE9PesMCcaUT60AOzgcAd1ePA="></latexit>

RS(W ) =
1

n

nX

i=1

L(W ; (xi, yi))
<latexit sha1_base64="u/F9M4iA8YbSms4eD+uZEpzHri0="></latexit><latexit sha1_base64="u/F9M4iA8YbSms4eD+uZEpzHri0="></latexit><latexit sha1_base64="u/F9M4iA8YbSms4eD+uZEpzHri0="></latexit><latexit sha1_base64="u/F9M4iA8YbSms4eD+uZEpzHri0="></latexit>

( <latexit sha1_base64="TK8g9n5XiaXsnWi9xS+QLR2XYgw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3opccqxhaaWDbbabp088HuRimh/8OLBxWv/hhv/hu3bQ7a+mDg8d4MM/OCVHClbfvbWlpeWV1bL22UN7e2d3Yre/v3KskkQ5clIpHtgCoUPEZXcy2wnUqkUSCwFQyvJ37rEaXiSXynRyn6EQ1j3ueMaiM9eI0sRO+Kh6EkXt6tVO2aPQVZJE5BqlCg2a18eb2EZRHGmgmqVMexU+3nVGrOBI7LXqYwpWxIQ+wYGtMIlZ9Prx6TY6P0SD+RpmJNpurviZxGSo2iwHRGVA/UvDcR//M6me5f+DmP00xjzGaL+pkgOiGTCEiPS2RajAyhTHJzK2EDKinTJqiyCcGZf3mRuKe1y5pzc1at3xZplOAQjuAEHDiHOjSgCS4wkPAMr/BmPVkv1rv1MWtdsoqZA/gD6/MHafWSDQ==</latexit><latexit sha1_base64="TK8g9n5XiaXsnWi9xS+QLR2XYgw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3opccqxhaaWDbbabp088HuRimh/8OLBxWv/hhv/hu3bQ7a+mDg8d4MM/OCVHClbfvbWlpeWV1bL22UN7e2d3Yre/v3KskkQ5clIpHtgCoUPEZXcy2wnUqkUSCwFQyvJ37rEaXiSXynRyn6EQ1j3ueMaiM9eI0sRO+Kh6EkXt6tVO2aPQVZJE5BqlCg2a18eb2EZRHGmgmqVMexU+3nVGrOBI7LXqYwpWxIQ+wYGtMIlZ9Prx6TY6P0SD+RpmJNpurviZxGSo2iwHRGVA/UvDcR//M6me5f+DmP00xjzGaL+pkgOiGTCEiPS2RajAyhTHJzK2EDKinTJqiyCcGZf3mRuKe1y5pzc1at3xZplOAQjuAEHDiHOjSgCS4wkPAMr/BmPVkv1rv1MWtdsoqZA/gD6/MHafWSDQ==</latexit><latexit sha1_base64="TK8g9n5XiaXsnWi9xS+QLR2XYgw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3opccqxhaaWDbbabp088HuRimh/8OLBxWv/hhv/hu3bQ7a+mDg8d4MM/OCVHClbfvbWlpeWV1bL22UN7e2d3Yre/v3KskkQ5clIpHtgCoUPEZXcy2wnUqkUSCwFQyvJ37rEaXiSXynRyn6EQ1j3ueMaiM9eI0sRO+Kh6EkXt6tVO2aPQVZJE5BqlCg2a18eb2EZRHGmgmqVMexU+3nVGrOBI7LXqYwpWxIQ+wYGtMIlZ9Prx6TY6P0SD+RpmJNpurviZxGSo2iwHRGVA/UvDcR//M6me5f+DmP00xjzGaL+pkgOiGTCEiPS2RajAyhTHJzK2EDKinTJqiyCcGZf3mRuKe1y5pzc1at3xZplOAQjuAEHDiHOjSgCS4wkPAMr/BmPVkv1rv1MWtdsoqZA/gD6/MHafWSDQ==</latexit><latexit sha1_base64="TK8g9n5XiaXsnWi9xS+QLR2XYgw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3opccqxhaaWDbbabp088HuRimh/8OLBxWv/hhv/hu3bQ7a+mDg8d4MM/OCVHClbfvbWlpeWV1bL22UN7e2d3Yre/v3KskkQ5clIpHtgCoUPEZXcy2wnUqkUSCwFQyvJ37rEaXiSXynRyn6EQ1j3ueMaiM9eI0sRO+Kh6EkXt6tVO2aPQVZJE5BqlCg2a18eb2EZRHGmgmqVMexU+3nVGrOBI7LXqYwpWxIQ+wYGtMIlZ9Prx6TY6P0SD+RpmJNpurviZxGSo2iwHRGVA/UvDcR//M6me5f+DmP00xjzGaL+pkgOiGTCEiPS2RajAyhTHJzK2EDKinTJqiyCcGZf3mRuKe1y5pzc1at3xZplOAQjuAEHDiHOjSgCS4wkPAMr/BmPVkv1rv1MWtdsoqZA/gD6/MHafWSDQ==</latexit>

( <latexit sha1_base64="TK8g9n5XiaXsnWi9xS+QLR2XYgw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3opccqxhaaWDbbabp088HuRimh/8OLBxWv/hhv/hu3bQ7a+mDg8d4MM/OCVHClbfvbWlpeWV1bL22UN7e2d3Yre/v3KskkQ5clIpHtgCoUPEZXcy2wnUqkUSCwFQyvJ37rEaXiSXynRyn6EQ1j3ueMaiM9eI0sRO+Kh6EkXt6tVO2aPQVZJE5BqlCg2a18eb2EZRHGmgmqVMexU+3nVGrOBI7LXqYwpWxIQ+wYGtMIlZ9Prx6TY6P0SD+RpmJNpurviZxGSo2iwHRGVA/UvDcR//M6me5f+DmP00xjzGaL+pkgOiGTCEiPS2RajAyhTHJzK2EDKinTJqiyCcGZf3mRuKe1y5pzc1at3xZplOAQjuAEHDiHOjSgCS4wkPAMr/BmPVkv1rv1MWtdsoqZA/gD6/MHafWSDQ==</latexit><latexit sha1_base64="TK8g9n5XiaXsnWi9xS+QLR2XYgw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3opccqxhaaWDbbabp088HuRimh/8OLBxWv/hhv/hu3bQ7a+mDg8d4MM/OCVHClbfvbWlpeWV1bL22UN7e2d3Yre/v3KskkQ5clIpHtgCoUPEZXcy2wnUqkUSCwFQyvJ37rEaXiSXynRyn6EQ1j3ueMaiM9eI0sRO+Kh6EkXt6tVO2aPQVZJE5BqlCg2a18eb2EZRHGmgmqVMexU+3nVGrOBI7LXqYwpWxIQ+wYGtMIlZ9Prx6TY6P0SD+RpmJNpurviZxGSo2iwHRGVA/UvDcR//M6me5f+DmP00xjzGaL+pkgOiGTCEiPS2RajAyhTHJzK2EDKinTJqiyCcGZf3mRuKe1y5pzc1at3xZplOAQjuAEHDiHOjSgCS4wkPAMr/BmPVkv1rv1MWtdsoqZA/gD6/MHafWSDQ==</latexit><latexit sha1_base64="TK8g9n5XiaXsnWi9xS+QLR2XYgw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3opccqxhaaWDbbabp088HuRimh/8OLBxWv/hhv/hu3bQ7a+mDg8d4MM/OCVHClbfvbWlpeWV1bL22UN7e2d3Yre/v3KskkQ5clIpHtgCoUPEZXcy2wnUqkUSCwFQyvJ37rEaXiSXynRyn6EQ1j3ueMaiM9eI0sRO+Kh6EkXt6tVO2aPQVZJE5BqlCg2a18eb2EZRHGmgmqVMexU+3nVGrOBI7LXqYwpWxIQ+wYGtMIlZ9Prx6TY6P0SD+RpmJNpurviZxGSo2iwHRGVA/UvDcR//M6me5f+DmP00xjzGaL+pkgOiGTCEiPS2RajAyhTHJzK2EDKinTJqiyCcGZf3mRuKe1y5pzc1at3xZplOAQjuAEHDiHOjSgCS4wkPAMr/BmPVkv1rv1MWtdsoqZA/gD6/MHafWSDQ==</latexit><latexit sha1_base64="TK8g9n5XiaXsnWi9xS+QLR2XYgw=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3opccqxhaaWDbbabp088HuRimh/8OLBxWv/hhv/hu3bQ7a+mDg8d4MM/OCVHClbfvbWlpeWV1bL22UN7e2d3Yre/v3KskkQ5clIpHtgCoUPEZXcy2wnUqkUSCwFQyvJ37rEaXiSXynRyn6EQ1j3ueMaiM9eI0sRO+Kh6EkXt6tVO2aPQVZJE5BqlCg2a18eb2EZRHGmgmqVMexU+3nVGrOBI7LXqYwpWxIQ+wYGtMIlZ9Prx6TY6P0SD+RpmJNpurviZxGSo2iwHRGVA/UvDcR//M6me5f+DmP00xjzGaL+pkgOiGTCEiPS2RajAyhTHJzK2EDKinTJqiyCcGZf3mRuKe1y5pzc1at3xZplOAQjuAEHDiHOjSgCS4wkPAMr/BmPVkv1rv1MWtdsoqZA/gD6/MHafWSDQ==</latexit>

Train error ΔS(W):=Test error



LEARNING THEORY — 101
Occam’s Razor: Simpler explanations should always be preferred

What do we mean by “simple”?

Rn,D(W) = ES⇠D2n

"
1

2n
sup

W2W

�����

2nX

i=1

�iL (W, (xi, yi))

�����

#

<latexit sha1_base64="vIFclRlpGpJmlKZka7to9agDzQU="></latexit><latexit sha1_base64="vIFclRlpGpJmlKZka7to9agDzQU="></latexit><latexit sha1_base64="vIFclRlpGpJmlKZka7to9agDzQU="></latexit><latexit sha1_base64="vIFclRlpGpJmlKZka7to9agDzQU="></latexit>

σi = +1, -1 with equal probability 



WHY DO WE CARE?
�S(W ) . 2Rn,D

<latexit sha1_base64="0XaozSMo5KZ7FJcUrbL1et+IdBE=">AAACGnicbVBNS8NAEN34bf2qevSyWAQFKUkR1JugB49+1RaaEibbSbt0swm7G6GE/A8v/hUvHlS8iRf/jdvag1ofLLx9b4aZeWEquDau++lMTc/Mzs0vLJaWlldW18rrG7c6yRTDOktEopohaBRcYt1wI7CZKoQ4FNgI+6dDv3GHSvNE3phBiu0YupJHnIGxUlCu+WcoDATXu409X6DWmseU1vwYTC9S0M+viiCX+6M/A5GfFUVQrrhVdwQ6SbwxqZAxLoLyu99JWBajNEyA1i3PTU07B2U4E1iU/ExjCqwPXWxZKiFG3c5HtxV0xyodGiXKPmnoSP3ZkUOs9SAObeVwR/3XG4r/ea3MREftnMs0MyjZ96AoE9QkdBgU7XCFzIiBJcAUt7tS1gMFzNg4SzYE7+/Jk6Reqx5XvcuDysnVOI0FskW2yS7xyCE5IefkgtQJI/fkkTyTF+fBeXJenbfv0iln3LNJfsH5+AJUhKFI</latexit><latexit sha1_base64="0XaozSMo5KZ7FJcUrbL1et+IdBE=">AAACGnicbVBNS8NAEN34bf2qevSyWAQFKUkR1JugB49+1RaaEibbSbt0swm7G6GE/A8v/hUvHlS8iRf/jdvag1ofLLx9b4aZeWEquDau++lMTc/Mzs0vLJaWlldW18rrG7c6yRTDOktEopohaBRcYt1wI7CZKoQ4FNgI+6dDv3GHSvNE3phBiu0YupJHnIGxUlCu+WcoDATXu409X6DWmseU1vwYTC9S0M+viiCX+6M/A5GfFUVQrrhVdwQ6SbwxqZAxLoLyu99JWBajNEyA1i3PTU07B2U4E1iU/ExjCqwPXWxZKiFG3c5HtxV0xyodGiXKPmnoSP3ZkUOs9SAObeVwR/3XG4r/ea3MREftnMs0MyjZ96AoE9QkdBgU7XCFzIiBJcAUt7tS1gMFzNg4SzYE7+/Jk6Reqx5XvcuDysnVOI0FskW2yS7xyCE5IefkgtQJI/fkkTyTF+fBeXJenbfv0iln3LNJfsH5+AJUhKFI</latexit><latexit sha1_base64="0XaozSMo5KZ7FJcUrbL1et+IdBE=">AAACGnicbVBNS8NAEN34bf2qevSyWAQFKUkR1JugB49+1RaaEibbSbt0swm7G6GE/A8v/hUvHlS8iRf/jdvag1ofLLx9b4aZeWEquDau++lMTc/Mzs0vLJaWlldW18rrG7c6yRTDOktEopohaBRcYt1wI7CZKoQ4FNgI+6dDv3GHSvNE3phBiu0YupJHnIGxUlCu+WcoDATXu409X6DWmseU1vwYTC9S0M+viiCX+6M/A5GfFUVQrrhVdwQ6SbwxqZAxLoLyu99JWBajNEyA1i3PTU07B2U4E1iU/ExjCqwPXWxZKiFG3c5HtxV0xyodGiXKPmnoSP3ZkUOs9SAObeVwR/3XG4r/ea3MREftnMs0MyjZ96AoE9QkdBgU7XCFzIiBJcAUt7tS1gMFzNg4SzYE7+/Jk6Reqx5XvcuDysnVOI0FskW2yS7xyCE5IefkgtQJI/fkkTyTF+fBeXJenbfv0iln3LNJfsH5+AJUhKFI</latexit><latexit sha1_base64="0XaozSMo5KZ7FJcUrbL1et+IdBE=">AAACGnicbVBNS8NAEN34bf2qevSyWAQFKUkR1JugB49+1RaaEibbSbt0swm7G6GE/A8v/hUvHlS8iRf/jdvag1ofLLx9b4aZeWEquDau++lMTc/Mzs0vLJaWlldW18rrG7c6yRTDOktEopohaBRcYt1wI7CZKoQ4FNgI+6dDv3GHSvNE3phBiu0YupJHnIGxUlCu+WcoDATXu409X6DWmseU1vwYTC9S0M+viiCX+6M/A5GfFUVQrrhVdwQ6SbwxqZAxLoLyu99JWBajNEyA1i3PTU07B2U4E1iU/ExjCqwPXWxZKiFG3c5HtxV0xyodGiXKPmnoSP3ZkUOs9SAObeVwR/3XG4r/ea3MREftnMs0MyjZ96AoE9QkdBgU7XCFzIiBJcAUt7tS1gMFzNg4SzYE7+/Jk6Reqx5XvcuDysnVOI0FskW2yS7xyCE5IefkgtQJI/fkkTyTF+fBeXJenbfv0iln3LNJfsH5+AJUhKFI</latexit>

Proof (handwavy)

• Split S into S1 and S2

• For large enough m, LS2(W) ⩰ LD(W) and thus LD(W) - 
LS1(W) ⩰ LS2(W)-LS1(W)

• S2 is like the training set and S1 is the test set



Since S1 and S2 were randomly picked

ES⇠D2m [Ez⇠S2 [L(W, z)]� Ez⇠S1 [L(W, z)]]  ES⇠D2m

"
1

2m

�����
X

i

�iL(W, zi)

�����

#

 sup
W2W

ES⇠D2m

"
1

2m

�����
X

i

�iL(W, zi)

�����

#

<latexit sha1_base64="98pvnhvmN1YWIP7pwF60AzI5/es="></latexit><latexit sha1_base64="98pvnhvmN1YWIP7pwF60AzI5/es="></latexit><latexit sha1_base64="98pvnhvmN1YWIP7pwF60AzI5/es="></latexit><latexit sha1_base64="98pvnhvmN1YWIP7pwF60AzI5/es="></latexit>

�S(W )  sup
W2W

ES⇠D2m

"
1

2m

�����
X

i

�iL(W, zi)

�����

#

 ES⇠D2m sup
W2W

"
1

2m

�����
X

i

�iL(W, zi)

�����

#
= 2Rn,D(W)

<latexit sha1_base64="yVZOm2q2KGHQ8QQL5cKL46ldMPk="></latexit><latexit sha1_base64="yVZOm2q2KGHQ8QQL5cKL46ldMPk="></latexit><latexit sha1_base64="yVZOm2q2KGHQ8QQL5cKL46ldMPk="></latexit><latexit sha1_base64="yVZOm2q2KGHQ8QQL5cKL46ldMPk="></latexit>



EXAMPLES & SYNOPSIS
For linear classifiers

W = {W : kWk2  1} =) R(W) = O

✓
maxi kxik2p

n

◆

W = {W : kWk1  1} =) R(W) = O

✓
maxi kxik1

p
log dp

n

◆

<latexit sha1_base64="NFohx1u1bIee6zfDPRqR3il6OdQ="></latexit><latexit sha1_base64="NFohx1u1bIee6zfDPRqR3il6OdQ="></latexit><latexit sha1_base64="NFohx1u1bIee6zfDPRqR3il6OdQ="></latexit><latexit sha1_base64="NFohx1u1bIee6zfDPRqR3il6OdQ="></latexit>

Summary

Low R(W) is good!
<latexit sha1_base64="7DqhwcdxkGcyf/gjBRINtUssrSk=">AAACIHicbVBNTwIxEO36ifiFevRSJSZ4IbvGRLyRePHgAYkICUtIt3ShobvdtLMq2exf8eJf8eJBjd7011hgDwq+pMnrezOZmedFgmuw7S9rYXFpeWU1t5Zf39jc2i7s7N5qGSvKGlQKqVoe0UzwkDWAg2CtSDESeII1veHF2G/eMaW5DG9gFLFOQPoh9zklYKRuoeICe4DkSt5jnGI3IDDwFRkm9bQ0+VAikmZ6PK3CmGvcl7J3kOJuoWiX7QnwPHEyUkQZat3Cp9uTNA5YCFQQrduOHUEnIQo4FSzNu7FmEaFD0mdtQ0MSMN1JJhem+MgoPexLZV4IeKL+7khIoPUo8EzleGs9643F/7x2DH6lk/AwioGFdDrIjwUGicdx4R5XjIIYGUKo4mZXTAdEEQom1LwJwZk9eZ40TsrnZef6tFitZ2nk0D46RCXkoDNURZeohhqIokf0jF7Rm/VkvVjv1se0dMHKevbQH1jfP6/mo3M=</latexit><latexit sha1_base64="7DqhwcdxkGcyf/gjBRINtUssrSk=">AAACIHicbVBNTwIxEO36ifiFevRSJSZ4IbvGRLyRePHgAYkICUtIt3ShobvdtLMq2exf8eJf8eJBjd7011hgDwq+pMnrezOZmedFgmuw7S9rYXFpeWU1t5Zf39jc2i7s7N5qGSvKGlQKqVoe0UzwkDWAg2CtSDESeII1veHF2G/eMaW5DG9gFLFOQPoh9zklYKRuoeICe4DkSt5jnGI3IDDwFRkm9bQ0+VAikmZ6PK3CmGvcl7J3kOJuoWiX7QnwPHEyUkQZat3Cp9uTNA5YCFQQrduOHUEnIQo4FSzNu7FmEaFD0mdtQ0MSMN1JJhem+MgoPexLZV4IeKL+7khIoPUo8EzleGs9643F/7x2DH6lk/AwioGFdDrIjwUGicdx4R5XjIIYGUKo4mZXTAdEEQom1LwJwZk9eZ40TsrnZef6tFitZ2nk0D46RCXkoDNURZeohhqIokf0jF7Rm/VkvVjv1se0dMHKevbQH1jfP6/mo3M=</latexit><latexit sha1_base64="7DqhwcdxkGcyf/gjBRINtUssrSk=">AAACIHicbVBNTwIxEO36ifiFevRSJSZ4IbvGRLyRePHgAYkICUtIt3ShobvdtLMq2exf8eJf8eJBjd7011hgDwq+pMnrezOZmedFgmuw7S9rYXFpeWU1t5Zf39jc2i7s7N5qGSvKGlQKqVoe0UzwkDWAg2CtSDESeII1veHF2G/eMaW5DG9gFLFOQPoh9zklYKRuoeICe4DkSt5jnGI3IDDwFRkm9bQ0+VAikmZ6PK3CmGvcl7J3kOJuoWiX7QnwPHEyUkQZat3Cp9uTNA5YCFQQrduOHUEnIQo4FSzNu7FmEaFD0mdtQ0MSMN1JJhem+MgoPexLZV4IeKL+7khIoPUo8EzleGs9643F/7x2DH6lk/AwioGFdDrIjwUGicdx4R5XjIIYGUKo4mZXTAdEEQom1LwJwZk9eZ40TsrnZef6tFitZ2nk0D46RCXkoDNURZeohhqIokf0jF7Rm/VkvVjv1se0dMHKevbQH1jfP6/mo3M=</latexit><latexit sha1_base64="7DqhwcdxkGcyf/gjBRINtUssrSk=">AAACIHicbVBNTwIxEO36ifiFevRSJSZ4IbvGRLyRePHgAYkICUtIt3ShobvdtLMq2exf8eJf8eJBjd7011hgDwq+pMnrezOZmedFgmuw7S9rYXFpeWU1t5Zf39jc2i7s7N5qGSvKGlQKqVoe0UzwkDWAg2CtSDESeII1veHF2G/eMaW5DG9gFLFOQPoh9zklYKRuoeICe4DkSt5jnGI3IDDwFRkm9bQ0+VAikmZ6PK3CmGvcl7J3kOJuoWiX7QnwPHEyUkQZat3Cp9uTNA5YCFQQrduOHUEnIQo4FSzNu7FmEaFD0mdtQ0MSMN1JJhem+MgoPexLZV4IeKL+7khIoPUo8EzleGs9643F/7x2DH6lk/AwioGFdDrIjwUGicdx4R5XjIIYGUKo4mZXTAdEEQom1LwJwZk9eZ40TsrnZef6tFitZ2nk0D46RCXkoDNURZeohhqIokf0jF7Rm/VkvVjv1se0dMHKevbQH1jfP6/mo3M=</latexit>



BACK TO SGD
• Radamacher Complexity is algorithm and data agnostic and 

depends only on the richness/complexity of the hypothesis 
class/space 𝒲. It is often referred to as “uniform 
convergence” since it works for any W in 𝒲.

• Doesn’t give us too much intuition about why the methods 
we use work well in practice

• So we need a different approach… 



SGD — AN ÜBER ALGORITHM

Any model trained by SGD within a 
reasonable number of steps has 
vanishing generalization error



STABILITY ↠GENERALIZATION
Small perturbations in the data 

don’t change training loss much

A randomized algorithm A is ✏� uniformly stable if for all datasets S, S0 2 Dn such that S, S0

di↵er in at most one example, we have,

sup
z

EA [L(A(S), z)� L(A(S0), z)]  ✏
<latexit sha1_base64="YT14T+4QlW/25RsNRR03Idf5hA0="></latexit><latexit sha1_base64="YT14T+4QlW/25RsNRR03Idf5hA0="></latexit><latexit sha1_base64="YT14T+4QlW/25RsNRR03Idf5hA0="></latexit><latexit sha1_base64="YT14T+4QlW/25RsNRR03Idf5hA0="></latexit>



STABILITY ↠GENERALIZATION II

Redefining generalization error
✏gen = ES,A [RS [A(S)]�R[A(S)]]

<latexit sha1_base64="NWBhakCIN8p4gyJYei+42DWah0Q="></latexit><latexit sha1_base64="NWBhakCIN8p4gyJYei+42DWah0Q="></latexit><latexit sha1_base64="NWBhakCIN8p4gyJYei+42DWah0Q="></latexit><latexit sha1_base64="NWBhakCIN8p4gyJYei+42DWah0Q="></latexit>

Let A be ✏-uniformly stable. Then ✏gen  ✏
<latexit sha1_base64="WAmtOJdDk/qBxep8p+aEXFW4JXU="></latexit><latexit sha1_base64="WAmtOJdDk/qBxep8p+aEXFW4JXU="></latexit><latexit sha1_base64="WAmtOJdDk/qBxep8p+aEXFW4JXU="></latexit><latexit sha1_base64="WAmtOJdDk/qBxep8p+aEXFW4JXU="></latexit>

Theorem



LET’S PROVE IT!
• S, S’ be two samples. S(i) be S except for the i-th data point 

where it is replaced from S’

ESEA[RS [A(S)]] = ESEA

"
1

n

nX

i=1

L(A(S), zi)

#

= ESE0
SEA

"
1

n

nX

i=1

L(A(Si), z0i)

#

= ESE0
SEA

"
1

n

nX

i=1

L(A(S), z0i)

#
+ �

= ESEA[R[A(S)]] + �

 ESEA[R[A(S)]] + ✏
<latexit sha1_base64="g8szewvLGlfTy5o957eA1MgWOXw="></latexit><latexit sha1_base64="g8szewvLGlfTy5o957eA1MgWOXw="></latexit><latexit sha1_base64="g8szewvLGlfTy5o957eA1MgWOXw="></latexit><latexit sha1_base64="g8szewvLGlfTy5o957eA1MgWOXw="></latexit>



WHAT ABOUT SGD?

✏SGD
stab / T 1� 1

�+1

n
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T = O(n) is good



PROOF IDEA
• Analyze the behavior of SGD for two datasets that differ by 

one example

• Use a Stopping time analysis

• SGD has a longer “burn-in period”: where δt doesn’t grow 
too much

• When δt does grow, ηt has decayed



Can easily handle other stability inducing operations 
Weight Decay, Clipping etc..

Amenable to convex constraints too!



EXTENSIONS

•High probability bounds

•Uniform Hypothesis Stability

•Data dependent bounds using information 
theory



THINGS WE MISSED

•Uniform convergence of Deep Networks

•PAC-Bayes Based Approaches

•Differential Privacy

•Adversarial Training

•Generative Adversarial Networks



QUESTIONS?
SEE YOU IN 15 MINUTES!
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LET’S BE PRACTICAL

In theory, there is no difference 
between theory and practice. But, 

in practice, there is



GETTING DOWN TO BRASS 
TACKS

• Choose framework 
• Choose algorithm 
• Run

We will see THREE examples!



DEEP RESIDUAL NETWORKS



RESNET LAYERS



DEMO



RNN



LSTM



DEMO



GENERATIVE ADVERSARIAL 
NETWORKS (GAN)



GAN MATH

min
G

max
D

Ex⇠Dreal [f(D(x))] + Eh[f(1�D(G(h)))]
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DEMO



QUESTIONS?


